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THE TWENTY-SIXTH ANNUAL MEETING OF THE 
AMERICAN MATHEMATICAL SOCIETY. 


THE twenty-sixth annual meeting of the Society was held at 
Columbia University on Tuesday and Wednesday, December 
30-31, extending through two sessions on each day. The 
attendance included the following ninety-six members: 

Dr. J. W. Alexander, Mr. P. L. Alger, Professor R. C. 
Archibald, Professor C. S. Atchison, Professor Clara L. Bacon, 
Dr. Charlotte C. Barnum, Professor A. A. Bennett, Professor 
E. G. Bill, Professor C. L. Bouton, Professor Joseph Bowden, 
Professor E. W. Brown, Professor Daniel Buchanan, Professor 
R. W. Burgess, Professor W. D. Cairns, Miss M. F. Chad- 
bourne, Dr. Teresa Cohen, Professor F. N. Cole, Dr. G. M. 
Conwell, Professor J. L. Coolidge, Professor Elizabeth B. 
Cowley, Professor C. H. Currier, Dr. Mary F. Curtis, Dr. 
Tobias Dantzig, Professor J. V. DePorte, Professor C. A. 
Fischer, Professor T. S. Fiske, Professor W. B. Fite, Professor 
T. M. Focke, Professor C. H. Forsyth, Mr. T. C. Fry, Pro- 
fessor A. S. Gale, Professor W. V. N. Garretson, Professor 
O. E. Glenn, Professor W. C. Graustein, Dr. T. H. Gronwall, 
Professor H. E. Hawkes, Professor Olive C. Hazlett, Professor 
L. A. Howland, Professor W. A. Hurwitz, Professor Dunham 
Jackson, Mr. S. A. Joffe, Professor Edward Kasner, Professor 
C. J. Keyser, Dr. E. A. T. Kircher, Professor P. A. Lambert, 
Dr. K. W. Lamson, Professor D. D. Leib, Professor Florence 
P. Lewis, Professor P. H. Linehan, Professor Joseph Lipka, 
Professor C. R. MacInnes, Professor H. H. Mitchell, Professor 
C. N. Moore, Professor Frank Morley, Dr. H. C. M. Morse, 
Professor G. W. Mullins, Mr. F. H. Murray, Professor F. W. 
Owens, Dr. Helen B. Owens, Dr. Alexander Pell, Professor 
Anna J. Pell, Dr. G. A. Pfeiffer, Professor Arthur Ranum, 
Professor H. W. Reddick, Dr. C. N. Reynolds, Jr., Mr. L. H. 
Rice, Professor R. G. D. Richardson, Dr. J. F. Ritt, Professor 
J. E. Rowe, Dr. Caroline E. Seely, Professor L. P. Siceloff, 
Dr. W. G. Simon, Professor C. G. Simpson, Professor Mary E. 
Sinclair, Professor H. E. Slaught, Professor Clara E. Smith, 
Professor D. E. Smith, Professor P. F. Smith, Professor Sarah 
E. Smith, Professor W. M. Smith, Mr. J. J. Tanzola, Dr. J. S. 
Taylor, Mr. H. M. Terrill, Professor H. D. Thompson, Mr. 
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H. S. Vandiver, Professor Oswald Veblen, Mr. J. L. Walsh, 
Mr. H. E. Webb, Dr. Eula A. Weeks, Professor Mary E. 
Wells, Professor H. S. White, Professor E. E. Whitford, 
Dr. Norbert Wiener, Professor F. B. Wiley, Professor Ruth 
G. Wood, Professor J. W. Young. 

President Frank Morley occupied the chair, being relieved 
at the last session by Professor J. L. Coolidge. The Council 
announced the election of the following persons to membership 
in the Society: Dr. H. E. Bray, Rice Institute; Professor 
I. L. Miller, Carthage College; Dr. Helen B. Owens, Cornell 
University; Professor E. W. Pehrson, University of Utah. 
Ten applications for membership in the Society were received. 

The following resolutions, introduced by Professor R. C. 
Archibald as chairman of the committee on bibliography, were 
adopted by the Council: 

1. The Council regards the preparation and publication, 
in America, of a dictionary of mathematical terms as not only 
most desirable but also entirely feasible, provided that 
financial aid for the preparation of the manuscript can be 
secured. 

2. Impressed with possibilities for the more extensive 
development of pure and applied mathematics in America, 
and with the importance of such development to the nation, 
the Council records its conviction that there are undertakings 
whose active consideration would be highly desirable if ade- 
quate financial assistance might be regarded as available. 
Among such undertakings are: 1. The preparation and pub- 
lication by societies or individuals of surveys, introductory 
monographs, translations, memoirs, and treatises, in im- 
portant fields, including the history of mathematics. 2. The 
organization of research fellowships. 3. The preparation and 
publication of an encyclopaedia of mathematics in English. 
4. The preparation and publication of an annual critical survey, 
in English, of the mathematical literature of the world. 
5. The preparation and publication of a biographical and bib- 
liographical dictionary of mathematicians. 

It was decided to proceed with the incorporation of the 
Society under the general law of the State of New York. A 
committee was appointed to consider plans for the organization 
and administration of the Society after the retirement of the 
present Secretary and Librarian from their offices at the close 
of the present year. A committee was also appointed to 
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consider the formation of an international union of mathe- 
maticians. The committee on mathematical requirements 
presented a report, which was laid over for consideration at 
the February meeting. 

The total membership of the Society is now 733, including 
80 life members. The total attendance of members at all 
meetings, including sectional meetings, during the past year 
was 393; the number of papers read was 187. The number of 
members attending at least one meeting during the year was 
252. At the annual election 156 votes were cast. The 
Treasurer’s report shows a balance of $10,692.23, including 
the life-membership fund of $7,168.87. Sales of the Society’s 
publications during the year amounted to $1,811.52. The 
Library now contains 5,690 volumes, excluding some 500 un- 
bound dissertations. 

At the annual election, which closed on Wednesday morn- 
ing, the following officers and other members of the Council 
were chosen: 


Vice-Presidents, Professor C. N. Haskins, 
Professor R. G. D. RicHarpson. 


Secretary, Professor F. N. Coue. 

Treasurer, Professor J. H. TANNER. 

Tibrarian, Professor D. E. Smrru. 
Committee of Publication, 


Professor F. N. 
Professor VirGIL SNYDER, 
Professor J. W. YOUNG. 


Members of the Council to serve until December, 1922, 


Professor T. H. HitpEBRANDT, Professor W. A. MANNING, 
Professor EpwarpD KasNER, Professor H. H. MrrcHe 


The meeting of the Society immediately preceded that of 
the Mathematical Association of America on January 1-2. 
A very pleasant occasion was the joint dinner of the two 
organizations on New Year’s eve with an attendance of 114 
members and friends. 

The following papers were read at the annual meeting: 

(1) Dr. H. F. MacNetsu: “The sum of the face angles of a 
polyhedron in space of n dimensions.” 
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(2) Dr. G. A. Preirrer: “A connected set of points which 
contains no continuous arc.” 

(3) Professor C. J. Keyser: “Fundamental types of groups 
of relations of an infinite field.” 

(4) Professor JosepH Lipxa: “The theorem of Thomson 
and Tait and its converse in space of n dimensions.” 

(5) Professor A. A. Bennett: “Poncelet polygons in higher 
space.” 

(6) Professor A. A. Bennett: “Continuous matrices, 
algebraic correspondences, and closure.” 

(7) Professor L. A. Howtanp: “Concerning points of 
inflection on a rational plane quartic.” 

(8) Dr. H. C. M. Morse: “Geodesics motion on a surface 
of negative curvature.” 

(9) Professor J. L. Cootipce: “The geometry of hermitian 
forms.” 

(10) Professors H. B. Paiurrs and C. L. E. Moore: 
“Rotations in space of even dimensions.” 

(11) Professors C. L. E. Moore and H. B. Pumps: 
“Note on geometric products.” 

(12) Professor O. E. Girenn: “A memoir upon formal 
invariancy with regard to binary modular transformations.” 

(13) Professor O. E. GLENN: “The invariant problem of the 
relativity transformations of Lorentz appertaining to the 
mutual attraction of two material points” (preliminary 
report). 

(14) Dr. Norspert WiENER: “The mean of a functional of 
arbitrary elements.” 

(15) Dr. Norpert Wiener: “Bilinear operations gener- 
ating all operations rational in a domain 2.” 

(16) Dr. Norpert Wrener: “Fréchet’s calcul fonctionnel 
and analysis situs.” ' 

(17) Dr. Norspert WiENER: “A set of postulates for 
fields.” 

(18) Mr. J. L. Watsa: “On the location of the roots of the 
jacobian of two binary forms, and of the derivative of a 
rational function.” 

(19) Mr. J. L. Watsn: “On the proof of Cauchy’s integral 

ormula by means of Green’s formula.” 

(20) Professor DunHAM Jackson: “On the order of mag- 
nitude of the coefficients in trigonometric interpolation.” 

(21) Mr. P. L. Atcer: “A problem of electrical engineer- 
ing.” 
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(22) Professor W. B. Frre: “Properties of the solutions of 
certain functional differential equations.” 

(23) Professor W. C. Graustein: “Determination of the 
pairs of ordered real points representing a complex point.” 

(24) Dr. J.S. Taytor: “Sheffer’s set of five postulates for 
Boolean algebras in terms of the operation ‘ rejection’ made 
completely independent.” 

(25) Professor C. H. Forsytu: “,E,, the magic wand of 
actuarial theory.” 

(26) Professor C. H. Forsytu: “A formula for determining 
the mode of a frequency distribution.” 

(27) Professor Danie, Bucnanan: “Asymptotic orbits 
near the equilateral triangle equilibrium points in the problem 
of three finite bodies.” 

(28) Professor C. L. Bouton: “The definition of birational 
transformations by means of differential equations.” 

(29) Professor W. C. Graustern: “ Area-preserving, par- 
allel maps in relation to translation surfaces.” 

(30) Dr. C. N. Reyno.ps, Jr.: “Note on linear differential 
equations of the fourth order ‘whose solutions satisfy a homo- 
geneous quadratic identity.” 

(31) Professor J. E. Rowe: “A practical problem of aero- 
dynamics and thermodynamics.” 

(32) Professor W. B. Carver and Mrs. E. F. Kine: “A 
property of permutation groups analogous to multiple transi- 
tivity.” 

(33) Professor C. Hazitett: “Some pseudo-finiteness 
theorems in the general theory of modular covariants.” 

(34) Dr. Mary F. Curtis: “Note on the rectifiability of a 
twisted cubic.” 

(35) Dr. Teresa Coen: “The representation of fractions 
of periods on algebraic curves by means of virtual point sets.” 

(36) Professor C. A. Fiscuer: “Necessary and sufficient 
conditions that a linear transformation be completely con- 
tinuous.” 

(37) Dr. S. D. Zetp1n: “On the structure of finite continu- 
ous groups with a single exceptional infinitesimal transforma- 
tion.” 

(38) Mr. J. L. Watsu: “On the location of the roots of 
the derivative of a polynomial.” 

Dr. Zeldin was introduced by Professor Lipka. The paper 
of Dr. MacNeish, the first paper of Professor Bennett, the 
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papers of Professors Phillips and Moore, the third and fourth 
papers of Dr. Wiener, the first paper of Professor Forsyth, 
and the paper of Professor Carver and Mrs. King were read 
by title. Abstracts of the papers follow below. The ab- 
stracts are numbered to correspond to the titles in the list 
above. 


1. Dr. MacNeish obtains the following formula: 


8 


right angles for the sum of the face angles of the plane faces of 
a simple polyhedron in n-space, where a, (r= 0, 1,..., 
m — 1) represents the number of r-space faces. A simple 
polyhedron in n-space is defined as a polyhedron in which 
n—iCr; Of its r-space elements meet at each i-space (r>1; 
<=0,1,...,n—2; r=1, 2,...,2-—1). If more 
than ol of the r-space elements meet at any i-space, the 
polyhedron is called a multiple polyhedron. Formulas are 
developed for the sum of the face angles of certain types of 
multiple polyhedrons. 


2. In this paper Dr. Pfeiffer presents an example of a con- 
nected set of points which contains no continuous are. This 
example is the set of points (x, y) such that 


= Dead — on) (-}<2<}), 


where 


— w,) = sin 
x + w, and —1—a,< 2< 1 — wa, = 0; wy is the ab- 
scissa of the nth rational point of the interval — 3} < x < 4 
with respect to a definite enumeration of the rational points 
of that interval and ¢, Ce, cz, . . . is a denumerable set of 


positive numbers such that }> c, is convergent. 
1 


3. In Professor Keyser’s paper the relations of an infinite 
field (coincident with the domain and the codomain) are 
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viewed as falling under nine types: 1— 1, 1—<s, s—1, 
s—s,l1—m,m—1,8s— m, m— 8, m — m, where m means 
many (i. e., two or more) and s means some in the sense that a 
relation whose type symbol involves s contains at least one 
couple in which s is represented by only one term and at least 
one couple in which s is represented by more than one term. 
A class of relations containing one or more relations of each 
of k of the nine types, as t1, ta, ---, tz, is said to be of the type 
ti—t,— ---~t,. There thus arise 511 class types, called 
fundamental types. Among the infinitude of classes of a 
given type there is one class which includes every subclass of 
the same type. This distinguished class is said to be a funda- 
mental class. Accordingly there are 511 fundamental classes, 
one for each fundamental type. Given a rule by which any 
two relations of the field can be combined so as to yield a 
relation of the field, there arise two problems: (1) To deter- 
mine which of the fundamental classes are groups under the 
rule; (2) To determine which of the fundamental classes 
contain group subclasses of the same type as that of the con- 
taining class. The solution of (1), the rule being that of 
relative multiplication, was given by the author in a paper 
presented at the last April meeting of the Society. The 
present paper gives the solution of (2) for the same rule, and 
the solutions of both problems where the rule of combination 
is that of logical addition of relations. 


4. The theorem of Thomson and Tait for space of n dimen- 
sions may be stated as follows: if from all points of an arbi- 
trary hypersurface (space of n — 1 dimensions) particles not 
mutually influencing one another be projected normally in a 
conservative field of force, points which they reach with equal 
actions lie on a hypersurface cutting the paths at right angles. 
The paths form a system of ©? trajectories for each value 
of the constant of energy. The converse theorem proved by 
Professor Lipka states: if a system of ©? trajectories in 
space of n dimensions is such that any ©” trajectories of the 
system which meet an arbitrary hypersurface (space of 
n—1 dimensions) orthogonally admit of «1 orthogonal 
hypersurfaces, then the system may be considered as the 
trajectories in a conservative field of force. The purely 
geometric part of the theorem is true for all natural families of 
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curves. The n-dimensional spaces considered have constant 
curvature.* a? 


5. Professor Bennett’s first paper appears in full in the 
present number of the BULLETIN. 


6. This paper by Professor Bennett shows how an algebraic 
correspondence may be viewed as a matrix with a continuous 
array of elements. The result of two successive correspon- 
dences is represented by the matrix obtained with the usual 
rules for a product. The sum of two matrices has an ana- 
logous interpretation in correspondences. The matrix repre- 
sentation emphasizes a weighting of correspondences which 
is suggested, but less readily, by geometric considerations. 
The meaning of the inverse of reducible correspondences 
becomes precise only when weights are assigned in the manner 
required by the matrix representations. The inverse of a 
weighted algebraic correspondence may fail to exist altogether 
or may not be algebraic when these terms are carefully defined. 
The question of the algebraic character of an inverse that 
exists is entirely equivalent to the closure of the original 
correspondence, and to the existence of variable closed alge- 
braic configurations on the fundamental manifold. 


7. It is well known that the six inflexions of a rational plane 
quartic lie on a conic. To the best knowledge of the author, 
however, there is no proof of this theorem which is at once 
complete and also based on elementary considerations. 
Professor Howland’s paper attempts such a proof, and follows 
that by special consideration of the cases of a quartic with a 
triple point. 


8. The study of dynamical systems leads at once to the 
study of geodesics as a type of motion. A primary purpose of 
Dr. Morse’s study of geodesics was to establish the existence 
of a class of recurrent motions called discontinuous recurrent 
motions by Professor Birkhoff, and to examine a case where, 
if the recurrent motions, not simply periodic, existed at all, 
they would furnish a very general example of such motions. 
The surfaces of negative curvature considered are surfaces 


*For a discussion of these theorems for space of three dimensions see 
Edward Kasner, Trans. Amer. Math. Society, vol. 11 (1910), pp. 121-140. 
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which may be cut up into n simply connected portions (n 
arbitrary, and exceeding one) none of which lie wholly in any 
finite portion of space, together with one portion S which lies 
wholly in a finite portion of space, and which may be of ar- 
bitrary connectivity exceeding two. Geodesics are considered 
which if continued indefinitely in either sense lie wholly on a 
finite portion of the surface. A fundamental result of this 
paper is a one-to-one representation of these geodesics in 
terms of the 2p fundamental contours of S, together with the 
n closed curves bounding S and separating S from the remain- 
ing portions of the original surface. A second paper will 
apply the results of this paper to the theory of dynamical 
systems. 


9. In Professor Coolidge’s paper the problem of reducing a 
hermitian form of non-vanishing discriminant is discussed. 
Special attention is paid to those collineations of n-space which 
leave invariant the form 22;%; (i = 0, 1, 2, ---, 7). 


10. Professors Phillips and Moore treat rotations in space of 
2n dimensions by means of the Gibbs dyadic, deriving in 
particular a form 


for such a rotation. Here M is a complex two-vector, M; 
a set of completely perpendicular plane vectors, and q; the 
angles of rotation in those planes, I being the identical dyadic 
and I-M the dot product of Lewis. A sufficient condition 
that two rotations ¢ and ¢’ be commutative is that the vector 
of the dyadic (I-M) (I-M’) be zero. This is also necessary 
unless two or more of the q’s equal + 7. 

In four dimensions any rotation can be expressed as the 
product of two equiangular rotations 


These equiangular rotations have the property of rotating all 
vectors through the same angle and are analogous to the 
rotations resulting from the multiplication of quaternions 
referred in the first case to right-hand axes, in the second to 
left-hand ones. 


11. Products which in terms of units have identities of the 
form = k1234 (outer product of Grassmann) and = ke 


= 
= 
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(inner product) are well known. Professors Moore and Phillips 
consider such products as ki2ki3 = ke3, this particular one. be- 
ing an extension of Gibbs’ cross product. These occur in the 
analytic expression of complete perpendicularity and in the 
study of commutative rotations. 


12. The memoir of Professor Glenn comprises a general 
exposition relating to the following subdivisions: Invariants 
belonging to prescribed domains of transformations of finite 
order on n variables. A complete system under the above 
theory, in the G F(p*), of a binary quantic of order m. Sys- 
tems of universal covariants of the groups G,: 21 = 21 + 22’, 
22 = x2' (mod p), Hz: = + + = (mod p), 
and of the simultaneous groups G,, G,. A theorem upon 
modular systems according to which the formal concomitants 
modulo p of a binary m-ic are constructed as simultaneous 
systems of sets of covariants of lower order. Development of 
a fundamental system of covariants for a linear form and a 
quadratic modulo 2, of a single binary quartic modulo 2, and 
of a complete system of semivariants of the quartic modulo 
3. Somewhat extensive data concerning a complete system 
of covariants of the quartic modulo 3 are also included. The 
last section of the paper gives a theory of complete systems 
under the transformations on the velocities and accelerations 
which figure in the theory of relativity of motion. 


13. The components F,, F,, F, in the theory of the mutual 
attractions of two material points are invariantive under the 
linear transformations § on four variables, called by Lorentz 
the general transformations of relativity (time being a fourth 
dimension). A theory of concomitants in the domain of the 
coefficients of S, based upon the equations of the four planes 
upon its poles, is treated in Professor Glenn’s paper. 


14. Dr. Wiener shows how, by applying to E. H. Moore’s 
notion of development the notion of a weighting (i.e., of a 
measure of volume), a type of mean can be obtained which, 
under certain very general hypotheses, will be an example 
of the generalized integration of P. J. Daniell. The means 
of a function of n variables and of a function of a discrete 
infinity of variables are shown to be examples of this concept, 
while it is proved that by a proper “weighting” the mean or 


! 
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integral of a function of a line can be defined. In this con- 


nection, the concept of the “coefficient of irregularity” of a 
function is introduced, viz., 
Af(z) 
Max A(z)’ 


and it is proved that a bounded set of functions whose coeffi- 
cients of irregularity are all less than some finite quantity is 
extremal in the sense of Fréchet. 


15. An operation f(11, 22, . . ., 2p) is said to generate a class 
K of operations when 

(1) K contains f; 

(2) if K contains 22, ..., Zi, vy 
Xj-1, Lj, Le), it also contains g(x, .. ., 

(3) if K contains g(x, 22, ..., x) and h(ay’, a2’, ..., 
xi’), K also contains the operation on 2,.2%2,..., Zi-, 


2; in g. 

(4) K contains no proper subset with the three preceding 
properties. 


Dr. Wiener proves that the operations that are bilinear and 
generate the set of all rational operations with rational coeffi- 
cients may be reduced by a rational linear transformation to 
one of the forms 


i. (G rational and + — 1) 
ny + xy (n integral and + 0), 


and that every such operation will generate all rational oper- 
ations with rational coefficients. The results are extended in 
part to other domains of rationality. 


16. Dr. Wiener defines continuous deformations and their 
limits on the basis of the limit of a sequence of points. The 
notion of a one-parameter family of deformations follows 
readily, and an n-space can be defined by employing this con- 
cept together with a process of mathematical induction. 


| 
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Certain properties of the n-spaces selected from a given space 
are discussed, and finally a categorical set of postulates is 
given for the analysis situs of a space of any finite numbér of 
dimensions. 


17. Dr. Wiener shows that all algebraic operations are 
obtainable by the iteration of z|y=1—2z/y. A set of 
postulates is derived for this operation. This set is consistent, 
independent, and equivalent to the sets given by E. V. Hunt- 
ington for fields. It is also shown that every operation and 
concept in complex algebra can be derived from the operation 
1 — K(z/y), where K stands for “conjugate of.” 


18. Mr. Walsh’s paper is a continuation of a recent paper 
published in the Transactions under the same title. It is 
proved as a lemma that if three variable points of the complex 
plane determine a fourth variable point by a real constant 
cross ratio with those three, and if the three points have as 
their respective envelopes closed regions bounded by circles, 
then the envelope of the fourth point is a fourth closed region 
bounded by a circle. This lemma is applied in proving that if 
three circular regions contain respectively k roots of a binary 
form of degree p;, the remaining p; — k roots of this form, and 
all the roots of a second form of degree p2, then these three 
circular regions and the fourth circular region of the lemma 
corresponding to the cross ratio p;/k contain all the roots of 
the jacobian of the two forms. If the four regions have no 
common point, they contain respectively the following num- 
bers of roots of the jacobian: k — 1, p; — k — 1, pe — 1, and 1. 


19. Mr. Walsh’s second paper appeared in full in the 
January BULLETIN. 


20. It is well known that there is a remarkable and far- 
reaching parallelism between the properties of the trigono- 
metric interpolating formula determined by the values of a 
given function at a set of equally spaced points, and those of 
the formula of approximation obtained by taking the first 
terms of the Fourier’s series for the same function. This 
parallelism is closer than would be indicated at first sight by 
the correspondence of sums and integrals in the formulas for 
the coefficient of the two approximating functions. It has 


— 
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to be regarded as due in part to the special properties of the 
trigonometric functions, not merely to the definition of an 
integral as the limit of a sum. Professor Jackson’s paper is 
concerned with the order of magnitude of the coefficients in 
the interpolating formula, in case the given function is of 
limited variation, or has a derivative of limited variation. 
The method of partial summation is used to give results 
analogous to those which Picard (Traité d’Analyse, volume 1) 
obtains for the Fourier’s series by the second law of the mean 
and integration by parts. Incidentally, in the case of a 
derivative of limited variation, a relatively simple proof is 
obtained for the convergence of the Fourier’s series, as well 
as of the interpolating formula, to the value of the given 
function. 


21. Mr. Alger presents an unsolved problem of electrical 
engineering which is of considerable practical interest to 
engineers. The problem is to determine the distribution of 
magnetic flux and current density across the thickness of an 
infinite plane lamina of iron, when an harmonically varying 
magnetizing force is applied. Under the assumption of uni- 
form permeability, the problem has been completely solved, 
and its solution may be found in any standard advanced text 
book of electrical engineering. The solution is in this case 
analogous to that of the flow of heat in a plane, and the flux 
and current densities at any point are proportional to the 
hyperbolic functions of a complex quantity. In actual 
practice, however, the permeability varies over a wide range 
and is directly dependent on the magnetizing force. The solu- 
tion of the problem, when the permeability is assumed variable, 
has never been obtained, and the whole problem under this 
assumption is so little understood that the simplest qualitative 
results of a mathematical study of it should prove valuable. 
When the permeability is variable, the harmonic impressed 
magnetizing force sets up magnetic fluxes of all odd multiples 
of the impressed frequency, and the solution of the problem 
involves the determination of the coefficients in a Fourier’s 
series. The law of variation of permeability is a purely 
empirical one, so that one difficulty in the problem is the 
choice of a law of variation that will make a solution possible 
while it still sufficiently represents the facts. 
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22. In this paper Professor Fite discusses the oscillatory 
properties of the solutions of binary functional differential 
equations of the form y(zx) + r(z)y(k — z) = 0, where 
|r(x)| > 6 > 0 for all finite values of . He shows that when 
n is odd every solution changes sign an infinite number of 
times, but that when n is even a solution may change sign 
only a finite number of times. Whether this finite number is 
odd or even depends upon the sign of r(x). He also determines 
certain necessary conditions in order that these equations, 
for n = 2, may have odd or even solutions. 


23. A complex point P in a complex space of n dimensions, 
since it depends on 2n real parameters, may be represented 
by a pair of real points P;, P2 in the space. It is reasonable 
to restrict the choice of P;, P2 so that (a) they coincide in 
P, if P is a real point; (6) they are the same for the point P, 
conjugate to P, as they are for P, and in one order represent 
P and in the opposite order P; (c) their coordinates, referred to 
a cartesian system, are analytic functions of the coordinates 
of P and P, referred to this system; (d) their transforms P,’, 
P,' by an arbitrary transformation of a chosen group of real 
point transformations represent the point P’ into which P is 
carried by the transformation. Professor Graustein deter- 
mines, for the group of real collineations and for each of the 
more important of its subgroups, the affine group, the group 
of similarity transformations, the group of motions and the 
group of translations, all the ordered point pairs P;, P2, which 
represent the given point P and have the desired properties. 
The determination, in the case of each group, depends on the 
solution of a functional equation. 


24. As has been shown by L. L. Dines, Sheffer’s five postu- 
lates for Boolean algebras in terms of the operation “rejec- 
tion,” while independent in the sense that no one of them is 
implied by the other four, are not completely independent in 
the sense defined by Professor E. H. Moore, in as much as the 
negative of the first postulate implies the third, fourth, and 
fifth. Dr. Taylor’s paper demonstrates the fact that the 
postulates become completely independent if the first postu- 
late is replaced by one postulating a minimum of four distinct 
elements instead of two. 


= 
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25. The present value of a pure endowment, or ,/,, seems 
to be generally regarded as on a par in importance with quite a 
number of other actuarial symbols of similar nature. Pro- 
fessor Forsyth shows how the symbol may be used to affect 
ready analyses of numerous situations in actuarial theory 
which otherwise prove subtly complicated. In particular, he 
gives concise derivations of formulas used in present day 
methods of valuation of life insurance policies—such as full 
preliminary term, modified preliminary term, ete.—wherein 
the conciseness is due directly to the use of the symbol ,Ez. 


26. The main disadvantage in the use of the mode as an 
average is the difficulty met in its determination when the 
statistical data are given in the form of a frequency distri- 
bution when the frequencies correspond to class-marks. 
Professor Forsyth derives a formula’ for determining the 
mode in situations like those just mentioned, based upon his 
formula used for interpolation of ordinates among areas 
presented in the December (1916) issue of the Quarterly 
Publications of the American Statistical Association. 


27. In a previous paper, presented to the Society in Decem- 
ber, 1918, Professor Buchanan discussed the orbits which are 
asymptotic to the straight line equilibrium points in the 
problem of three finite bodies. The present paper deals with 
the corresponding orbits for the equilateral triangle equi- 
librium points. 


28. This note shows how to set up certain systems of partial 
differential equations whose solutions establish all the bi- 
rational transformations in space of m dimensions. Let 
21, be homogeneous coordinates. The trans- 
formation px,’ = ¢i(%1, %2, +++, (0 = 1, 2, ---, n+ 1) is 
birational if the functions yg; are homogeneous polynomials of 
the same degree, m, and if the inverse transformation has the 
same form, its polynomials being of degree m’. Professor 
Bouton begins by reducing the transformation by means of 
projections to a normal form in which = 21" + A12 
+ +++ + Aim, = + Aim (4 = 2, 
3, 1), where Ax is a homogeneous polynomial in 
Xe, ***, Ln41, Of degree k, and with the inverse in similar form. 
The differential equations established are those satisfied by 
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the polynomials A;,. For example, if m = m’ = 2, the Az 
are solutions of the system of partial differential equations, 


n+1 
= =0 (=2,3,---,n+1). 


Conversely, any set of solutions of this system, which are 
homogeneous polynomials of degree two, will yield a birational 
transformation, which may, however, be reducible to a pro- 
jection. There seem to be no references in the literature to 
this method of setting up all the birational transformations in 
space of n dimensions. 


29. Two real surfaces, in continuous one-to-one point 
correspondence, with the directed normals in corresponding 
points parallel, may be said to correspond by a parallel map, 
or more specifically, by a directly parallel or an inversely 
parallel map, according as corresponding directions of rotation 
about corresponding points are the same or opposite. Pro- 
fessor Graustein shows that two real surfaces, which corre- 
spond by an inversely parallel, area-preserving map of a 
particular kind, are translation surfaces with real generators, 
whereas, if the map is directly parallel and area-preserving of a 
certain type, the surfaces are translation surfaces with con- 
jugate-imaginary generators. In particular, two real surfaces, 
applicable by an inversely parallel map, are translation 
surfaces with real perpendicular generators and hence cylin- 
ders; if, on the other hand, the surfaces are applicable by a 
directly parallel map with the property that the angle between 
corresponding curves in corresponding points is constant, not 
0 or z, they are translation surfaces with conjugate-imaginary 
minimal curves as generators and are, then, minimal surfaces. 


30. Dr. Reynolds proves that if a given linear differential 
equation of the fourth order has four linearly independent 
real solutions which satisfy a non-singular quadratic identity, 
then it may be reduced to a form which may be said to be 
self-adjoint with respect to the third row of the wronskian of 
any four linearly independent solutions. The signature of 
the quadratic identity associated with the equation is then 
evaluated in terms of the coefficients of the given equation 
and several theorems concerning the zeros of such an equation 
are proved. 
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31. The purpose of Professor Rowe’s paper was to make a 
mathematical statement of the aeronautical radiator problem. 


32. Professor Carver and Mrs. King define a property of 
permutation groups, closely analogous to multiple transitivity, 
as follows: 

A permutation group of degree n is said to be k-ply pseudo- 
transitive, 1 < k < n —1, if there is a set of k letters such 
that there is at least one permutation of the group sending 
this set into any arbitrarily chosen set of k letters in some 
order. It is evident that the case k = 1 is the same as ordi- 
nary simple transitivity; that if a group is k-ply transitive 
it is k-ply pseudo-transitive, but not conversely; and that if a 
group of degree n is k-ply pseudo-transitive it is also (n — k)- 
ply pseudo-transitive. Several theorems analogous to those 
for ordinary multiple transitivity are readily obtained. 

Among the groups of degree equal to or less than nine, there 
are just seven cases of groups having multiple pseudo-transi- 
tivity of a multiplicity other than is obviously implied by 
their ordinary multiple transitivity. 

The notion has an incidental application to, and was sug- 
gested by, a question concerning the condition for apolarity 
between two binary forms. 


33. In any theory of covariants, we find that closely related 
to the point of view taken when we try to express all covariants 
as polynomials in a finite number of covariants is the one 
taken when we endeavor to express all covariants as rational 
(though not necessarily integral) functions of a finite number 
of covariants. Professor Hazlett’s paper attacks modular 
covariants of a single binary form from this second point of 
view by employing a method which has its origin in Hermite’s 
fundamental memoir on associated forms. The main theorem 
of the present paper proves that, if f is a binary form of order 
not congruent to zero modulo p, then any modular covariant 
of f for the GF[p"] is expressible (aside from a power of f) 
as a polynomial in Q and L, where the coefficients of the 
terms in Q are polynomials in the forms associated with f. 
From this theorem flow several corollaries, of which one gives 
a neat method of constructing a modular covariant having a 
given leader. This theorem, together with the corollaries, is 
verified for the binary quadratic, modulo 3. 
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34. Dr. Curtis’s paper appears in full in the present number 
of the BULLETIN. a? 


35. Suppose a curve C of order m and genus p with d double 
points. Miss Cohen considers the linear series of curves of 
order an cutting C n times at each of am — p fixed points, 
among which are the d double points, the value of a for m 
odd being 3(m — 1), and for m even, 3(m— 2). There are 
exactly n?? such curves cutting C n times at p further points. 
Suppose such a set of p points to be Ai, Ao, ---, Ap, the fixed 
base points to be Fi, F2, ---, Fam—p, and any line section 
represented by L. Then A: + --- + Ap+ Fit---+ Fam—p 
— aL is a virtual set that has the properties of an nth of a 
period for a given set of am — p base points and the totality 
of such sets can be shown to represent the totality of nths of 
periods. For p sufficiently high it is possible to put a curve 
of order a on F;, ---, Fam—p with p residual intersections 
P,, Po, ---, Pp. The nth of a period can then be represented 
by 41+ ---+Ap— (Pit + 

The simplest case is presented by the elliptic parameters 
on the general cubic. 


36. F. Riesz has derived a large part of the Fredholm 
‘theory of integral equations for the equation 


h(x) = f(z) + rT), 


where 7(f) is a completely continuous, linear transformation, 
and he has also proved that every linear transformation, that 
is to say every linear functional depending on a parameter, 
can be expressed in terms of a Stieltjes integral such as 


In the present paper Professor Fischer has proved that if 
such a transformation is to be completely continuous, it is 
necessary and sufficient that the variation of K(z,y) in y 
shall be a bounded function of z, and that whenever 2, 22, --- 
are chosen in such a way that K(zn, y) approaches a unique 
function of y when n becomes infinite, the variation of [K(2n, y) 
— limit K(2n, y)] in y shall approach zero. Another necessary 
and sufficient condition is also found and proved equivalent 
to this one. 


= 
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37. The problem of the structure of finite continuous groups 
consists in finding the structural constants determined by the 
alternants of operators, generating a group with r essential 
parameters, of the form 


G=1,2,--49. 


These alternants have the form 
(Xi, X) = (,j=1,2, +--+, 7). 
s=1 


The c’s which are the structural constants must satisfy two 
conditions: 


(1) Cijk = — Chik 
(2) + + = 0 (kK =1, 2, ---, 1). 


Dr. Zeldin discusses the conditions to be imposed on the 
group with one exceptional infinitesimal transformation X,, 
which would make all c;,; equal to zero, where (2, k = 1, 2, 


38. Jensen has recently stated the theorem that if f(z) is 
a real polynomial and if there are described circles having as 
diameters the segments joining the pairs of conjugate imag- 
inary roots of f(z), then no non-real root of f’(z) lies outside 
those circles. Mr. Walsh shows that on any segment of the 
axis of reals exterior to all of those circles and containing no 
root of f(z) there is at most one root of f’(z). If any of those 
circles has on or within it & roots of f(z) and is not interior to 
nor has a point in common with any other of those circles, it 
has on or within it not more than k + 1 nor less than k — 1 
roots of f’(s). The paper contains also various other theorems 
connected with Jensen’s theorem. 

F. N. Coreg, 
Secretary. 
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THE ST. LOUIS MEETING OF THE AMERICAN 
MATHEMATICAL SOCIETY. 


Tue thirteenth western meeting of the American Mathe- 
matical Society, combining the forty-fourth regular meeting 
of the Chicago Section, and the twelfth regular meeting of the 
Southwestern Section, was held at the Soldan High School, 
St. Louis, Missouri, on Tuesday and Wednesday, December 
30 and 31. On Tuesday afternoon there was a joint session 
with Section A of the American Association for the Advance- 
ment of Science, and the Missouri Section of the Mathematical 
Association of America. 

The attendance at this meeting included fifty persons, 
among whom were the following forty-four members of the 
society: 

Professor N. Altshiller-Court, Professor C. H. Ashton, 
Professor G. D. Birkhoff, Professor G. A. Bliss, Professor H. 
Blumberg, Professor W. C. Brenke, Dr. C. C. Camp, Professor 
A. B. Coble, Professor S. C. Davisson, Professor E. L. Dodd, 
Professor A. Dresden, Professor O. Dunkel, Professor H. J. 
Ettlinger, Professor Tomlinson Fort, Dr. J. B. Glasgow, Pro- 
fessor H. Halperin, Professor E. R. Hedrick, Professor T. H. 
Hildebrandt, Professor G. O. James, Professor H. E. Jordan, 
Professor O. D. Kellogg, Professor Solomon Lefschetz, Pro- 
fessor A. C. Lunn, Dr. G. F. McEwen, Professor J. V. McKel- 
vey, Professor T. E. Mason, Professor G. A. Miller, Professor 
B. E. Mitchell, Professor U. G. Mitchell, Professor F. R. 
Moulton, Dr. J. R. Musselman, Dr. C. A. Nelson, Professor 
B. L. Newkirk, Professor P. R. Rider, Professor H. L. Rietz, 
Professor W. J. Risley, Professor W. H. Roever, Mr. J. B. 
Rosenbach, Dr. G. W. Smith, Professor R. B. Stone, Professor 
E. B. Stouffer, Dr. E. H. Taylor, Professor W. D. A. Westfall, 
Professor K. P. Williams. 

At the dinner at the American Annex Hotel on Tuesday 
evening forty-eight persons were present. 

At the business meeting of the Chicago Section and the 
Southwestern Section held at the end of the morning session of 
Wednesday, the following action was taken: 

It was decided to hold the next meeting of the Southwestern 
Section at the University of Nebraska on November 27. The 
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following programme committee was elected: W. C. Brenke, 
chairman, H. L. Rietz, O. D. Kellogg, secretary. 

The Chicago Section elected for the ensuing biennium, 
Professor R. D. Carmichael, chairman; Professor Arnold 
Dresden, secretary; Professor C. N. Moore, third member of 
programme committee. 

A resolution thanking Professor E. J. Moulton for his 
services as acting secretary of the Chicago Section during 1918- 
19 was unanimously passed. 

A resolution on 7 be death of Professor Laenas Gifford Weld 
on November 28, 1919, was adopted by a rising vote. 

The Chicago Section and the Southwestern Section passed 
a resolution expressing interest in an investigation of the 
possibility of cooperative work in pure mathematics and in 
the domain between mathematics and the related sciences, 
as suggested by the National Research Council. 

At the joint meeting on Tuesday afternoon, at which Pro- 
fessor O. D. Kellogg, vice-president of Section A, presided, the 
following papers were read: 

I. Professor G. D. Brrxnorr, retiring vice-president of 
Section A of the American Association for the Advancement 
of Science, “Recent progress in dynamics.” 

II. Professor G. A. Buiss, retiring chairman of the Chicago 
Section of the American Mathematical Society, “Some recent 
developments in the calculus of variations.” 

III. Mr. H. H. Pratt, “A suggestion for the utilization of 
atmospheric molecular energy.” 

The sessions of Tuesday forenoon, Wednesday forenoon 
and afternoon were presided over by Professors Bliss, Birkhoff 
and Roever respectively. At these sessions the following 
papers were read: 

(1) Professor C. E. Love: “Note on a class of singular 
integral equations.” 

(2) Dr. R. F. Borpen: “On the adjoint of a certain mixed 
equation.” 

(3) Professor G. O. James: “On a philosophical aspect of 
the relativity theory of gravitation.” 

(4) Professor O. ScumIEDEL: “On the early history of the 
number concept.” 

(5) Mr. B. Z. Linrretp: “On the relation of the roots of a 
polynomial to the roots of its derivative.” 
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(6) Professor E. L. Dopp: “A comparison of the arithmetic 
mean with other weighted means under certain laws of error.” 

(7) Professor S. Lerscnetz: “Real abelian varieties.” 

(8) Professor N. AutsHitter-Court: “On a pencil of 
nodal cubics.” 

(9) Professor N. ALTSHILLER-CourT: “On an orthocentric 
quadrilateral.” 

(10) Professor G. A. MLLER: “ Properties of the subgroups 
of an abelian prime power group which are conjugate under 
the group of isomorphisms.” 

(11) Professor G. A. Mitter: “Groups generated by two 
operators of order three whose product is of order four.” 

(12) Professor H. L. Rretz: “Urn schemata as a basis for 
the development of correlation theory.” 

(13) Professor K. P. Wirii1ams: “Concerning a problem in 
the flow of heat.” 

(14) Professor Tomuinson Fort: “Note on Dirichlet and 
factorial series.” 

(15) Professor H. J. Errtincer: “Boundary value prob- 
lems with regular singular points.” 

(16) Professor H. J. Errtincer: “Extension of an existence 
theorem for a non-self-adjoint boundary value problem.” 

(17) Professor G. C. Evans: “Divergent Fourier series and 
integral equations.” 

(18) Mr. L. L. Sremuey: “On the general class of series 
of the form Y(x) = + Zeng(nz).” 

(19) Professor A. C. Lunn: “A principle of duality in 
thermodynamics.” 

(20) Professor R. L. Borger: “On the Cauchy-Goursat 
theorem.” 

(21) Professor A. B. Coste: “Some irrational and trans- 
cendental aspects of the invariants of a ternary quartic.” 

(22) Professor A. B. Coste: “The Cayley symmetroid and 
the abelian modular functions of genus four.” 

(23) Professor E. J. Wiczynski: “One-parameter families 
and nets of ruled surfaces and a new theory of congruences.” 

(24) Professor A. Emcu: “Intersections of straight lines 
and systems of plane algebraic curves and the surfaces gen- 
erated by them.” 

(25) Professor Prerre Boutrovux: “A family of multiform 
functions.” 

(26) Dr. G. F. McEwen: “Fluid temperature distributions 
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deduced from sources, boundary conditions, fluid velocity and 
convection.” 

(27) Dr. G. F. McEwen: “ Direct application of the idea of 
“random sampling” in estimating the precision of averages, 
and the significance of differences:” 

Dr. Borden was introduced by Professor Carmichael. The 
papers of Professor Love, Dr. Borden, Professor Schmiedel, 
Mr. Linfield, Professor Evans, Mr. Steimley, Professor Borger, 
Professor Wilczynski, Professor Emch, and Professor Boutroux 
were read by title. Abstracts of the papers follow below. 


1. Professor Love’s paper develops the elementary theory 
of the equation 
(2, 


where g(x) is the unknown function, under the assumption 
that the functions f(z) and K(z, t) are bounded for zx 2a, 
t2a. This case possesses special interest on account of the 
fact that it can be solved by a direct extension of the method 
of Fredholm. 


2. Dr. Borden considers with the equation 
Af’ (x) + a(z)f’(x) + e(z)f(z) = 0 


an adjoint equation. The invariants of the two equations 
under the group f(x) = o(x)g(x) are compared, and also the 
invariants of the successive transforms of the two equations 
by the Laplace-Poisson transformations. (Poisson, Journal 
de l’Ecole Polytechnique, volume 6 (1806), pages 127-141.) 
Conditions are obtained for solutions of both equations in finite 
form and some remarks are made concerning the self-adjoint 
case. 


3. The success of Einstein’s theory of gravitation in remov- 
ing the outstanding difference between theory and obser- 
vation in the secular motion of the perihelion of Mercury, and 
its applicability to other problems of dynamical astronomy 
are used by Professor James as an argument in support of 
Bergson’s thesis that there is no intrinsic order in nature and 
that the apparent mathematical order of the external universe 
has been imposed thereon by the intellect. 


A 
= 
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4. In this paper Professor Schmiedel contends that the 
first appearance of the idea of extension of the number con- 
cept is found in the Ahmes papyrus. 


5. Maxime Bécher (Annals of Mathematics, 1892) gave a 
geometrical proof of the theorem of Tucas (Journal de ’ Ecole 
Polytechnique, 1879), that the roots of the derivative of a 
cubic are the foci of the maximum ellipse inscribed in the 
triangle, whose vertices are the roots of the cubic, and asked 
the question “Could not the roots of the derivative of the 
general polynomial be brought into connection with the foci of 
the higher plane curves?” Mr. Linfield answers the ques- 
tion by proving that the roots of the derivative of a poly- 
nomial of degree n are the foci of a curve of class n — 1 which 
touches the segments joining the roots of the polynomial, two 
and two, at their midpoints. He generalizes and proves that 
the roots of the derivative f’(z) of the function f(z) = II 
(z—z,)“" are the foci of a curve of class n — 1 which touches 
the segment 2,2; at a point dividing it in the ratio py; : p;. 


6. Professor Dodd finds that if the probability that the 
error of a measurement will lie between x and z+ dz is 
e(1 + | with and h constant, then the arithmetic 
mean of two measurements is the least probable value among 
all possible weighted means. Under the law ¢,(1 + h?z”)"}, 
however, the probability that any weighted mean, including 
the arithmetic mean, will differ from the true value by less 
than e¢, is a constant, alike independent of the system of weights 
and the number of measurements. But under the laws 
+ (1+ h and equal or unequal, and c; 
(e* + e¢™)-, the arithmetic mean is more reliable than any 
other weighted mean. The curves representing the foregoing 
laws of error closely resemble curves of the family y = ce, 
the probability function. The possibility of the arithmetic 
mean being a least probable value is associated with the fact 
that under certain laws of error the arithmetic mean of meas- 
urements is not as reliable as a single measurement. With 
an increase of the number of measurements, there is an increase 
in the probability that the larger errors will appear; and this 
may more than offset the neutralizing effect of errors of oppo- 
site sign. 


a 


1920.] THE ST. LOUIS MEETING OF THE SOCIETY. 265 


7. In this note, Professor Lefschetz shows how the number 
of algebraically distinct real hypersurfaces belonging to real 
abelian varieties may be obtained from a certain period matrix 
which characterizes them. This is followed by the actual 
determination of the number in question for a large class of 
varieties defined by the possession of certain complex multi- 
plications. 


8. Professor Altshiller-Court’s first paper appeared in full in 
the February BuLietin. 


9. The three vertices of a triangle and its orthocenter are 
the four vertices of an orthocentric quadrilateral having the 
property, pointed out by Carnot, that each vertex is the ortho- 
center of the triangle determined by the other three vertices. 
The four triangles thus formed, often referred to as an ortho- 
centric group of triangles, have the same orthic triangle, and 
consequently the same nine-point circle, which may therefore 
be considered as belonging to the quadrilateral itself. Pro- 
fessor Altshiller-Court shows that the four circumcenters of 
an orthocentric group of triangles form another orthocentric 
quadrilateral, the two quadrilaterals having the same nine- 
point circle, the center of which is a center of symmetry of the 
two orthocentric groups. The four centroids of the given 
orthocentric group of triangles also form an orthocentric 
group, the two groups having the same nine-point center, 
which point is a center of similitude of the two orthocentric 
groups, the ratio of similitude being — 3. 


10. It is well known that if an abelian group G has a sub- 
group of a given type, it has also a quotient group of this type 
and vice versa. If G is the abelian group of order p” and of 
type (1m, mz, . . . m,) two of its subgroups H; and H2 may 
be said to be of complementary types if each of them is simply 
isomorphic with the quotient group of G with respect to the 
other. A necessary and sufficient condition that two sub- 
groups of types (my’, m2’, ..., m,’) and m”",..., 
m,'’) are complementary is that each of the following equations 
is satisfied: = m, me’ + m2’ = me, . . + 
m,'’ = m,. The number of the different types of subgroups 
which are complementary to the subgroups of a given type is 
equal to the number of the different sets of I-conjugate sub- 
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groups of G which are simply isomorphic with the subgroups of 
the given type, I-conjugate subgroups of G being subgroups 
which are conjugate under its group of isomorphisms. The 
main object of Professor Miller’s paper is to establish some 
fundamental reciprocal properties of the sets of I-conjugate 
subgroups contained in certain types of abelian groups of 
order p™. Among the theorems established is the following: 
If all the invariants of an abelian group G of order p” are equal 
to each other, then the number of its subgroups of a given type 
is equal to the number of its subgroups which are simply 
isomorphic with the quotient group of G with respect to one 
of the former subgroups. In particular, the number of the 
distinct subgroups of order p* contained in G is equal to the 
number of its distinct subgroups of index p*. 


11. It is known that two operators 81, 82 of order 3 whose 
product is of order 4 generate a group of infinite order unless 
these operators are otherwise restricted. In the present paper, 
Professor Miller considers the groups generated by s;, s2 when 
the conditions imposed on these operators are as follows: 
$13 = 82° = (8182)* = (8;°82)* = 1, k = 3, 4, 5. When k = 3, 
these operators generate the group of order 48 obtained by 
extending the direct product of two cyclic groups of order 4 
by means of an operator of order 3 which transforms this 
direct product into itself but is not commutative with any 
of its operators besides identity. When k = 4, the group 
generated by these operators is the simple group of order 168 
and a new and useful definition of this important group is 
thus obtained. Finally, when k = 5, these operators generate 
a group of order 1,080 which is isomorphic with the simple 
group of order 360 with respect to its central. This group of 
order 1,080 does not contain the simple group of order 360.as a 
subgroup, but to each operator of the central quotient group 
there corresponds at least one operator of the group whose 
order is equal to the order of the corresponding operator in 
this quotient group. 


12. In the present paper, Professor Rietz generalizes 
certain results of his first paper on this subject. In particular, 
the urn schema of the first paper that gives t/s for the corre- 
lation coefficient, where s is the number of balls in each of a 
pair of drawings, and ¢ the number of balls taken at random 


a 
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from the first drawing of a pair to be common to the pair, 
involves the hypothesis that the urn should be so maintained 
that the probability of drawing a white ball is 1/2. This 
restriction is removed in the present paper so that the proba- 
bility of drawing a white ball may be any constant p. The 
results are as simple as when p = 1/2, and the proofs are but 
slightly more complicated. 


13. A classic problem in the mathematical theory of the 
flow of heat is to determine the temperature of a semi-infinite 
solid, initially at the temperature zero, whose plane face is kept 
at a temperature that varies in a known manner with the time. 
The solution usually given is that obtained by Duhamel and 
followed by Riemann. It treats the problem as a limiting 
case of a simpler one. In the method used by Professor Wil- 
liams, a definite integral is assumed for a solution. It is 
suggested by the solution of a related problem on noticing an 
interchange of boundary conditions. The integrand and 
limits contain arbitrary elements. These are determined by 
substituting the assumed solution in the differential equation 
that it must satisfy. 


14. In this note Professor Fort exhibits a series which 
includes both Dirichlet and factorial series as special cases. 
He proves a fundamental convergence theorem. 


15. The recent study of boundary value problems has been 
confined to the case where the coefficients of the differential 
equation are continuous throughout the interval of definition. 
Except for Porter’s and Bécher’s work on the solutions of a 
differential equation having regular singular points (Bécher, 
“Oscillation theorems of Sturm,” this BULLETIN, volume 5 
(1898)), no attention has been given to the general theory of 
existence of solutions, oscillation theorems and expansions in 
normal functions for a system such as occurs in applied prob- 
lems involving Legendre’s, Bessel’s or Lamé’s differential equa- 
tions. In this paper, Professor Ettlinger shows that a number 
of the theorems which hold for the continuous system go over 
for the system with regular singular points. 


16. In a paper to appear in the June number of the Annals 
of Mathematics, Professor Ettlinger establishes the existence of 


— 
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at least one real characteristic number for the system 


=| Ke. — G(x, = 0, 


A;u(a) — AK (a)uz(a) — Aigu(b) + AuK(b)uz(b) = 0, 
= 1, 2), 


where the A,; are constants and certain conditions are satis- 
fied by K and G. This theorem is now extended to a system 
of the same form where A,; (A) replaces the constant coeffi- 
cients of the boundary conditions, subject to the additional 
restriction that (41:42; — decrease 
(or do not increase) as X increases, for specified values of 
i, j, k, l. 


17. Professor Evans’s paper is an endeavor to connect by 
practical calculation the concepts of divergent series, integral 
equation, and Stieltjes integral. The equation treated is 
equation (1) in Lecture V of the author’s Colloquium Lectures, 
when the kernel is of the form f(x + s) + g(x — 8), with f 
and g periodic with period ab as functions of a single argument. 
The solution is developed in Fourier series. An “imaginary” 
resolvent kernel is obtained in the form of a Fourier series, 
generally divergent and not even summable, which never- 
theless yields with proper choice of the known function a 
summable series as solution of the equation, and thus affords 
a practical method of handling such equations. The equation 
treated, which is of the first kind, includes the equation of the 
second kind as a particular case. 


18. In this paper, Mr. Steimley considers the general class 
of series of the form 


¥(z) = co+ 
where g(x) has the asymptotic character 


which is valid for x approaching infinity in some sector V 
bounded by two rays extending from zero to infinity. P(x) 
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and Q(x) are polynomials in z, a; (i = 1, 2, ---) are func- 
tions of the angle 0, which is the argument of z, varying in 
the sector V, c; (¢ = 0, 1, 2, ---) are independent of z. The 
character of the regions of convergence, of absolute con- 
vergence and of uniform convergence are determined. The 
character of the points on the boundary of the region of con- 
vergence is determined, except for an isolated set of points. 
The character of these isolated points is determined except in 
very special cases. 

A necessary and sufficient condition that Y(z) shall con- 
verge is determined. The uniqueness of expansion of func- 
tions in terms of Y(zx) is determined under special conditions. 


19. In this paper, Professor Lunn shows that the general 
relations in thermodynamics can be arranged and the nota- 
tions adjusted so as to show a complete duality analogous to 
the similar principles already known in geometry, mechanics 
and electromagnetism. Energy is dual to entropy and 
temperature to its own reciprocal, and a corresponding ranging 
in pairs occurs throughout the range of quantities charac- 
teristic of the thermodynamic properties of material systems. 

As illustrations of the working of the principle various 
applications are suggested to the dual representation of phys- 
ical relations and the dual interpretations of mathematical 
relations, to the attainment of symmetry of notation, to the 
transformation of the thermodynamic potentials, and to the 
criteria of equilibrium and stability. 


20. In this paper Professor Borger proves, by using the 
Denjoy integral, that if the two functions U(z, y), V(z, y) of 
the real variables x, y are continuous in these variables jointly 
and possess finite partial derivatives of ‘he first order, satis- 
fying the Cauchy-Riemann differential equations at each 
point of the simply connected closed region R, then U and 
V are analytic functions of these variables. 

An application to the theory of functions of a complex 
variable shows that if W = U(a, y) + iV (a, y) and if U and V 
satisfy the conditions above referred to, then W’ exists and 
is analytic. 


21. The generalized Kummer surface is, for the genus three, 
a 3-way, Ms, in S; obtained by equating the coordinates to 
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linearly independent theta functions of the second order and 
zero characteristic in three variables. Professor Coble shows 
that M; is the double manifold on a quartic locus Qe. in S;. 
The fifteen coefficients of Qs, which are modular functions, 
satisfy a system of 63 cubic relations. On the other hand 
it is well known that seven points in a plane define a ternary 
quartic with isolated double tangents. Professor Coble has 
shown that the simplest linear system of invariants of degree 
three in the coordinates of each of the seven points has fifteen 
linearly independent members. These also satisfy a system 
of 63 cubic relations and are shown to be identical with the 
coefficients of Q. above. The modular group induces on 
these coefficients a group G of linear transformations. The 
invariants of G are invariants of the ternary quartic, which 
can be expressed either irrationally in terms of the seven 
points or transcendentally in terms of the theta moduli. 


22. By combining some theorems of Schottky with some 
results of his own, Professor Coble proves the following the- 
orems concerning the Cayley symmetroid (a certain ten- 
nodal quartic surface with nine absolute constants): (1) The 
coordinates of the ten nodes of the symmetroid can be ex- 
pressed uniformly by means of abelian modular functions of 
genus four. (2) Under integer linear transformation of the 
periods the symmetroid is algebraically transformed by regular 
Cremona transformation. (3) In particular those period 
transformations which are congruent to identity modulo 2 
leave the symmetroid unaltered. 

It thus appears that the ten nodes of the symmetroid are 
related to the abelian modular functions of genus four as the 
eight base points of a net of quadrics to the functions of genus 


23. In this paper, Professor Wilczynski thinks of a con- 
gruence of lines as the totality of the generators of a one- 
parameter family of ruled surfaces, basing the analytic theory 
upon the previously developed theory of ruled surfaces, and 
connecting this theory with the theory of congruences by a 
chain of several related theories which seem to be entirely 
new. The principal advantage gained for the theory of 
congruences consists in the new expressions found for the 
invariants, expressions which are elegant in form and directly 


three. 
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applicable to a congruence whose developables are not known. 
Moreover the auxiliary quantities in terms of which these 
invariants are expressed are interpretable in terms of the 
new theories of one-parameter families of ruled surfaces, and 
nets of ruled surfaces. 


24. According to Liiroth (Crelle’s Journal, volume 68, 
pages 185-190) the analytic method of investigating problems 
of the sort here considered, as outlined by him and suggested 
by a paper of Clebsch, is too difficult on account of the com- 
plicated relations between the coefficients of the given and 
required elements and forms. Making use of a purely geo- 
metric method, Liiroth solves a number of problems in which 
the curves are conics. 

Professor Emch shows that these and more general problems 
of this type may be solved by a relatively simple analytical 
method which consists chiefly in the utilization’ of a singular 
null system of the following type: 


= + + aspis + asps, 
O + aspest+ 
pts = — Opis— t O + aspas, 
pt, = — — aput OO. 

For 7 = 1, 2, 3,4; k = 1, 2, 3, 4; 7 + k, the 2; are the co- 
ordinates of a point, the a; those of a plane, the p; those of a 
straight line. The determinant of the transformation (null 
system = involutory correlation throughout) is 

+ PisPa2 + = 0. 


This null system is therefore singular and has the following 
geometric meaning. The plane (a;) cuts the straight line 
(pix) in a point (x;) whose coordinates are precisely those 
given by (1). The method based upon this system is believed 
to be new. 


(1) 


25. Professor Boutroux considers the following fundamental 
problem in the study of multiform functions satisfying differ- 
ential equations of the first order. Calling f(z, C) the general 
solution of an equation, find the values C1, C2, --- of C which 
belong to the same function (that is, are such that f(z, C1), 
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etc., are branches of one and the same multiform function). 
The substitutions exchanging these values C;, C2, ---, foym a 
discontinuous group G, and to investigate that group, we have 
to consider certain functions ¥(C) (substituting functions). 
As a rule these last functions are themselves multiform func- 
tions. But some families of differential equations have the 
property that to build up the corresponding group G, it is 
not necessary to use the whole functions ¥(C) but merely 
special branches or uniform “elements” of these func- 
tions which can be defined simply. Thus the difficulties 
arising from the multiform character of the functions in the 
problem are overcome. 

As an example, one may take the functions 2(z) satisfying 
2(dz/dz) = mz+ 2(2— 1). Choosing for C a parameter 
which determines z at z = ©, one first sees that all the sub- 


stitutions of @ are of the form| ©, C+ m { zaz], where I is 


any closed path starting from x = ©. Now it is possible to 
find two special substituting functions of this type, yj, yp, 
each of which is holomorphic in the whole C-plane limited 
by two straight cuts (straight lines joining two certain points 
to x= ©). Considering the said functions exclusively in 
these limited fields, one can define uniformly for all values of C, 
two substitutions [C, ¥1(C)] and [C, ¥2(C)]. These particular 
substitutions, combined with a third one of the form [C, C 
+ constant] will be sufficient, if properly chosen, to build up 
the total group G. 


26. The coefficient of heat conductivity of most fluids, 
determined from observations made under controlled condi- 
tions, in which motion is eliminated, is very small. Moreover, 
in order to apply the results of the classical theory of the flow 
of heat to fluids, they must be regarded as solids. In this 
paper, Dr. McEwen presents the derivation of differential 
equations of the flow of heat in a fluid due to a convective, or 
alternating circulation of small fluid volumes, both when the 
average fluid velocity across a given surface is zero, and when 
it has an appreciable value. Two sets of equations are de- 
rived; one for the relatively cold elements, the other for the 
warm elements. The temperature that would be indicated 
by a thermometer depends upon both the warm and cold 
elements since they are intermixed. The measurable tempera- 
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ture is therefore a mean of these two, and a proper combination 
of the first two sets of equations results in a single set for 
determining this temperature. 


27. The usual method of deducing frequency curves from 
assumptions as to the manner in which elementary errors or 
deviations arise often requires a larger number of measure- 
ments than are available in practical applications. More- 
over, the difficulty of determining and handling the proper 
frequency curve except in special cases in which the Gaussian, 
or normal law holds, restricts the use of such deductive 
methods, and often results in erroneous applications of the 
simple normal law. By arranging the observations in their 
order of magnitude, and regarding two groups, those above 
the average and those below, as samples of corresponding 
groups of an indefinitely large sample, Dr. McEwen reduces 
the problem of the precision of averages to the simple one of 
variation in proportions. Regarding the observed average 
of the whole series as the best estimate of that of an indefinitely 
large sample, and changing the proportion of observations 
above and below the average, the probability of these varia- 
tions in proportions corresponds to that of the resulting 
variation in the average computed from the new group values 
and the observed constant proportion. A frequency distri- 
bution of averages thus computed gives directly the prob- 
ability that the true average falls within given limits. From 
similar determinations of the frequency distribution of the 
averages of two sets of observations, the probability can be 
found that the true values differ by an amount exceeding any 
specified value. A modification of this “ group proportion ” 
method not requiring the determination of the frequency 
distributions serves to estimate rapidly the probability that 
an observed difference between two averages arose by chance. 
The above results apply to any number of observations, and 
to any type of frequency distribution of the observations. 


O. D. Ke.ioae, Secretary of the Southwestern Section. 
ARNOLD DRESDEN, Secretary of the Chicago Section. 
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PONCELET POLYGONS IN HIGHER SPACE. 
PROFESSOR ALBERT A. BENNETT. 


(Read before the American Mathematical Society December 30, 1919.) 


Let there be given a linear projective space of 2n dimen- 
sions. A point of the space may be denoted by P and its 
dual figure by P’. Thus a P’ is a linear space of 2n — 1 
dimensions. 

The totality of P’s in the space is infinity to the order 2n, 
and the totality of P’’s is of course of this same order. We 
shall select from these totalities a Q, and a Q,’ respectively, 
general quadratic loci of infinity to the order n of elements, 
where Q,, consists of P’s, and Qn! of P”s. 

For Q, and Q,’ not in specialized relation to each other 
we have a two-two correspondence of the following form: 
Each P of Q, meets two P’’s of Q,’, and each P’ of Q,’ meets 
two P’s of Q,. Starting with any point of Q,, a succession of 
points of Q, is determined, where furthermore consecutive 
points of the sequence may be joined bylines. The succession 
of lines forms then a single “broken line” as this term is used 
in projective geometry. It may or may not happen that the 
broken line closes into a polygon. Except for degenerate 
cases corresponding to coincident P’s or P’’s, and it being 
supposed that Q, and Q,,’ are not degenerate, it may be proved 
that the closure of the broken line is determined by the rela- 
tive positions of Q, and Q,’ and is independent of the element 
selected as initial. 

This may be called a theorem of Poncelet polygons in 
higher spaces. For n = 1, the theorem is the usual one. 

It should be emphasized that the case for n > 1 is not the 
logical equivalent of the case for n = 1, since there are n 
independent parameters in any case. The proof of the theorem 
is immediate by reference to general theorems on algebraic 
correspondences or to theta functions, the quadratics Q, and 
Q,’ determining theta functions of genus n, and affording one 
of the simplest illustrations of their character. 

A second generalization and one which applies to three- 
space is to spaces of 2n — 1 dimensions generally, n > 1, the 
P, P’, Qn; Qn’ being as above. Any P”’ of Q,’ may be viewed 
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as a (2n --1)-space tangent to the n-dimensional quad- 
ratic cone K,’ of (n — 2)-spaces also represented as Q,’. 
While a P’ of Q,’ meets Q, in a conic, the two (2n — 2)- 
spaces, L’, tangent to K,’ and contained in P’, which are also 
tangent to Q,, determine two points of tangency on Q,. This 
correspondence is again two-two, and for it the same theorem 
holds. The case n = 2 leads to the study of Kummer’s 
surface and the theorem is in substance familiar in this case. 
Cf. Hudson, Kummer’s Quartic Surface, Cambridge, 1905, 
page 196, and Zeuthen, Lehrbuch der abzaihlenden Methoden 
der Geometrie, Leipzig, 1914, page 276. 


ON THE RECTIFIABILITY OF A TWISTED CUBIC. 
BY DR. MARY F. CURTIS. 
(Read before the American Mathematical Society December 31, 1919.) 


IF the space curve 
(1) 2; = + 4+ + kt + l; (2 = 1, 2; 3) 


is a helix, it is algebraically rectifiable. For if it is a helix, 


it makes with a fixed direction a constant angle and Vz’ |z’ 
= (x’|a),* where a1, a2, a3 are constants, not all zero; then 
the are 


(2) s= Vz! |x! dt 


is an integral rational function of t, not identically zero, and 
the curve (1) is algebraically rectifiable. 

It is not, however, in general true, that if (1) is algebraically 
rectifiable, it is a helix. It will be true, provided (2) is an 
algebraic function only when (z’|2’) is a perfect square of the 
form (z’|a)*. This condition is fulfilled in the case of the 
twisted cubic: 


(3) x, = at, Xo = bi, x3 = c#, abe + 0, 


*If a: (a1, a2, as) and b : (b1, be, bs) are two triples, then by (a| 6) we 
mean their inner product: a:b: + debe + asbs. 


November, 1919. 
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and hence, as I pointed out in a note on page 87 of volume 
25 (1918) of this BuLLeTrN, the cubie (3) is algebraically 
rectifiable when and only when it is a helix. 

As a generalization of this result Professor Tsuruichi 
Hayashi, in the November number of the current volume of 
the BuL.etw, has for the twisted cubic 


(4) af + et + d; 2, 3, |abe| + 0), 


which, by a change of parameter and axes, he writes in the 
form 


(5) ext, aot? + bef, 23 = asbec: + 0, 
the theorem: The conditions 
(6) a, = 0, = + 4b2', 


are necessary and sufficient both that (5) be a helix and that 
(5) be algebraically rectifiable. 

This theorem, as stated, is not true. The cubic (5) may 
be algebraically rectifiable if not a helix, for its are (2), where 


(2’ |x’) = 9(a|a)t* + 12a2bef + + 462”)? + 


is an algebraic function, not only when (2’ |x’) is a perfect 
square but also when (z’|z’) is a cubic with a multiple root, 
namely, when 


(7) a2 +0, (ala) = 0, + 26,7)? + = 0. 


Hence Professor Hayashi’s theorem is true for the cubics (5) 
only if those for which (7) holds are excluded. 

Since the cubics (5) for which (7) holds are imaginary, we 
may say: A real twisted cubic (5) is algebraically rectifiable, 
when and only when tt is a helix. 

It is interesting to note that the facts for the cubics given 
by (5) do not quite correspond to those for the cubics given 
by (4), from which (5) was deduced, because, i in the reduction 
of (4) to (5) certain imaginary cubics given by (4) have been 
excluded; among them are the helices, for which (2’|2’) for 
(4) reduces to the form: (kt? +- lt)? + 0, and the algebraically 
rectifiable cubics, not helices, obtained when (z’|z’) for (4) 
is of the form: mt+n,m+0. But, as these curves are all 
imaginary, the theorem just stated for the cubics (5) holds 
equally well for the cubics (4). 
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In order that the general twisted cubic (4) be algebraically 
rectifiable, it is sufficient, but not necessary, that it be a helix. 
By demanding algebraic rectifiability of a particular type, 
we may obtain a condition in terms of the curvature and 
torsion of (4), which is both necessary and sufficient: 

The general twisted cubic (4) may be represented by equations 
of the form (4), where t 1s its arc, when and only when it is of 
constant curvature and torsion. 

For a necessary and sufficient condition that (4) may be so 
represented is that (x’|z’) is a constant, not zero, and this in 
turn can be shown to be necessary and sufficient that -_ is a 
curve of constant curvature and torsion. 


WELLESLEY COLLEGE, 
November 15, 1919. 


NOTE ON LINEAR DIFFERENTIAL EQUATIONS OF 
THE FOURTH ORDER WHOSE SOLUTIONS 
SATISFY A HOMOGENEOUS 
QUADRATIC IDENTITY. 


BY DR. C. N. REYNOLDS, JR. 
(Read before the American Mathematical Society December 31, 1919.) 


In this paper I shall prove that if a given homogeneous 
linear differential equation of the fourth order has four linearly 
independent real solutions which satisfy a non-singular homo- 
geneous quadratic identity, then it may be reduced to a form 
which may be said to be self-adjoint with respect to the 
third row of the wronskian of any four linearly independent 
solutions. I shall then evaluate the signature of the quadratic 
identity in terms of the coefficients of the reduced equation 
and derive several theorems concerning the zeros of solutions 
of such equations. 

Brioschi* has shown that if y:(x), yo(x), ys(x) and y4(x) 
are four linearly independent real solutions of the equation 


po(x)y™ (a) + 4pi(x)y’"(x) + 6po(x)y’’(2x) 
+ 4ps(x)y’(x) + ps(x)y(x) = 0 (po(x) + 0), 


* “Tes invariants des équations différentielles linéaires,”’ Acta Mathe- 
matica (1890), vol. 14, p. 233. 
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with real coefficients which together with a sufficient number 
of their derivatives are continuous, and if 


Q) (dy = 


where not all of the A’s are zero; then, by means of a suitable 
change of variables we can reduce our equations (1) and (2) 
to the form 


(z) + 6g2(z)0’’(z) + (2) 


a? 


3 

© +4 + Che) =0 G=f@), f@ +0, 

where 

A=|n(z), e(z), vs(z), |= (on, 00’, 


o1'(z), 2/(z), 

o1'"(z), 02'"(z), 03'"(z), 

04'"(2) 
is a constant different from zero. Cels* has called the equa- 
tion satisfied by the cofactors of »;’(z) (¢ = 1, 2, 3, 4) in A 
the “ equation adjoint to (3) with respect to the third row 
of A.” By repeated-differentiation of (v1, v2’, v3’’’) we find 
that it satisfies (3). This equation may therefore be said to 
be self-adjoint with respect to the third row of A. 

If we now define »;(z) by means of the boundary conditions 


(¢) = 1, (2, k = 1, 2, 3, 4; 
o* (5) = 0, k + 1) 
then »(z), any solution of (3), may be expressed in the form 
= + + 0’ (S)0s(z) + 


In particular, we can so express the cofactors of »;’’(z) in A: 


(v2, v4'"") 03, 
— (01, 04") = — % + 692(5)%, 
(01, V2’, = — — 3q2'(o) 


— (01, 2’, = 6q2($)v2 — 3q2’($)vs — — Clos. 


* “Sur les équations différentielles linéaires ordinaires,” Annales Scient. 
de V Ecole Normale Supérieure (1891), vol. 8, 3d ser., p. 341. 
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Substituting these values of our three rowed determinants in 
the expansion of the determinant 
(01, 02’, v3, 04’) = 0 

in terms of the elements of its third row, we have 
[or + (— 3q2($) + — 

— [01 + (— 3q2(5) — — 

— [v2 — 6g2($)usF + Co? = 0. 


Therefore, the signature of the quadratic form in (4) is zero if C 
is positive, two if C is negative. 

If v:(z) and »(z) are any solutions of (3) then 
S(01, 02) = + 6201’ + 3q2'01) + + 3q2’v2) 


+ — + + 620102) 
1s constant since 


d 
z S(01,02) = 0. 


If o(¢) = = then S(v, v) = > 0. Therefore, 
no solution v(z) of (3) for which S(v, ») < 0 can have a multiple 
zero. Similarly we find that 

If C < 0 and S(v, v) < 0 then »(z) has no zeros. 

If C[S(01, 01)S(v2, 2) — v2)] > O then and 22(z) 
have no zeros in common. 

Brioschi has shown that if C > 0 then any solution of (3) 
is a bilinear form in the solutions of 


(5) + + rluze) = 0, 4°=C, 
(6) w'’(z) + — r]w(z) = 0. 


If w1(z), we(z), wi(z) and we(z) are defined by the boundary 
conditions: 


=1, (i, k = 1, 2; 
= 0, =0, +i) 
then »(z), any solution of (3), may be written in the form 


v(z) = 


= 
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+ Ele” + + + 
+ + 


S(v, v) = 0 is therefore the necessary and sufficient condition 
that v(z) be factorable as the product of a solution of (5) by a 
solution of (6). Therefore, if S(v,v) = 0 the number of 
zeros of v(z) in a given closed interval (a, b) will be limited 
by Sturm’s theorems concerning the zeros of solutions of (5) 
and (6). If, for example, the equations (5) and (6) have 
k, and kz for their respective indices of oscillation in (a, b) 
then every solution of (5) [(6)] will have k, or ki + 1 [ke or 
ke + 1] zeros in the interval (a, b), and every solution, »(z), 
of (3) for which S(v, v) = 0 will have ki + ke, ki + hke+ 1, 
or kj + ke+ 2 zeros in (a,b). If, in particular, g2(z) < 0 
and 0 < C < 94q,7(z) throughout (a, 6) then the coefficients of 
u(z) and w(z) in (5) and (6) will be negative throughout (a, b) 
and k, = ke = 0.* Therefore, if g2(z) < Oand0 < C < 9q,(z) 
throughout (a, b) then no solution of (3) for which S(v, v) = 0 
has more than two zeros in (a, b), and some such solutions have 
no zeros in (a, 6). 
WEsLEYAN UNIVERSITY, 
Mipptetown, Conn. 


AN ACKNOWLEDGMENT OF PRIORITY. 
BY PROFESSOR A. A. BENNETT. 


In the July, 1919, number of the BULLETIN (volume 25, 
page 455), I gave a solution condensed to about two pages, 
of a problem proposed by the Philosophical Faculty of the 
University of Berlin as a prize problem. My attention has 
been called to the fact that this question is completely handled 
in an analogous manner by Harold Hilton, in his book on 
“Homogeneous Linear Substitutions,” 1914, in Chapter VI, 
section 8. Similar results are given in the same chapter for 


* See Bécher’s Méthodes de Sturm, Paris, 1917, p. 52. 
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symmetric and Hermitian matrices. This book, while familiar 

to the American public, was not available to me at the time, 

and I did not realize that the problem proposed had been 

completely settled previous to the occurrence of the war. 
February 9, 1920. 


DICKSON’S HISTORY OF THE THEORY OF 
NUMBERS. 


On page 130 of my review of Dickson’s History I speak of 
two pages of titles at the end of Chapter XII as “not reported 
on.” This is an error. With the exception of certain ones 
marked with an asterisk which give papers not obtainable by 
the author the content of the papers is sufficiently indicated, 
the papers not being of importance to warrant more detailed 
report. 

The phrase “list of references,” on the top of page 132, is 
perhaps misleading. Of course the book is in no sense to be 
compared with the useless lists of titles of papers which the 
compiler may or may not have glanced at. My intention in 
the paragraph was to bring out the distinction which modern 
historians seem to make between a list of events and the 
relations and connections between events. 

D. N. LEHMER. 


NOTES. 


Tue December number (volume 21, number 2) of the 
Annals of Mathematics contains the following papers: “A 
property of cyclotomic integers and its relation to Fermat’s 
last theorem,” by H. S. Vanptver; “Surfaces of rotation in a 
space of four dimensions,” by C. L. E. Moors; “The circle 
nearest to n given points, and the point nearest to n given 
circles,” by J. L. CootmpeE; “Singular solutions of differential 
equations of the second order,” by E. M. Coon and R. L. 
Gorpon; “Note on a class of integral equations of the second 
kind,” by C. E. Love; “Concerning sense on closed curves in 
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non-metrical plane analysis situs,” by J. R. Kure; “On the 
theory of summability,” by GLENN James; “On the consis- 
tency and equivalence of certain generalized definitions of 
the limit of a function of a continuous variable,” by L. L. 
SILVERMAN. 


Tue Mathematical association of Japan for secondary educa- 
tion issued the first number of volume 1 of its Journal under 
date of April, 1919. It is published by M. Kasa, of Tokyo, 
as chief editor, assisted by M. Kuropa, M. WatTanaBe, S. 
Nacao and H. Furukawa. Professor T. Hayasut is president 
of the Association. 


It is announced that a new quarterly devoted to the mathe- 
matics of finance, the Giornale di Matematica Finanziaria, 
will be published under the auspices of the higher institutes 
of commerce and the chambers of commerce of Turin and 
Genoa. The business offices are at 73, Corso Vittorio Emman- 
uele, Turin. 


Tue Paris Academy of sciences has awarded its Bordin prize 
for 1919 to Professor S. Lerscuetz, of the University of 
Kansas, for his memoir “On certain invariant numbers of 
algebraic varieties, with application to abelian varieties.” 
The Academy announces the following subject for its Grand 
prize, to be awarded in 1922: The determination of extensive 
classes of surfaces by given properties of their geodesics con- 
sidered in ordinary space. 


Proressor C. Smrvais, of the University of Ghent, has 
been elected an active member, and Professor T. DE DonpDER, 
of the University of Brussels, a corresponding member of the 
Belgian academy of sciences. 


Proressors J. PLEMELSJ, of the University of Czernovitch, 
and R. SuPPANTSCHITSCH, of the technical school of Vienna, 
have been appointed professors of mathematics at the re- 
organized University of Lioubliana (Laibach), Jugoslavia. 


Mr. J. H. Jeans, of Cambridge, formerly professor of’ 
mathematics at Princeton University, has been nominated as 
secretary of the Royal society of London. Professor G. N. 
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Watson, of the University of Birmingham, has been elected 
a fellow of the society. 


Sir J. J. Toomson, master of Trinity College, Cambridge, 
who recently resigned the Cavendish professorship of experi- 
mental physics, has been elected to the newly established 
professorship of physics. 


Cart. L. L. BurcHNALL, scholar of Christ Church, Oxford, 
has been appointed lecturer in mathematics at the University 
of Durham. 


Dr. R. J. T. BELL, of the University of Glasgow, has been 
appointed to the chair of pure and applied mathematics in the 
University of Otago, New Zealand. 


Proressors N. B. MacLean and N. R. Witson have 
returned to the University of Manitoba, from active service 
in France. 


Proressor E. W. Brown delivered a lecture on the history 
of mathematics before the Gamma Alpha fraternity of Yale 
University on February 26. This is the first of a series on the 
history of the several sciences. The Astronomical Society of 
the Pacific has awarded its Bruce Medal for 1920 to Professor 
Brown. 


At Yale University, assistant professor W. R. LoneLtey 
has been promoted to a professorship and Mr. J. K. Wurrre- 
MORE to an assistant professorship of mathematics. 


Proressor P. P. Boypn, of the University of Kentucky, has 
been elected president of the Kentucky academy of sciences. 


Boston University has concluded an arrangement for the 
exchange of professorships in mathematics for the college 
year 1920-1921 with Tsing Hua College, Peking, China. 
Professor R. E. Bruce, chairman of the department in Boston 
University, will exchange with Professor A. H. Herz, of 
Tsing Hua. 


AssIsTANT professor K. P. Witi1aMs, of Indiana University, 
has returned from military service and been promoted to an 
associate professorship of mathematics. 
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Dr. C. C. Camp, of the University of Illinois, has been 
appointed assistant professor of mathematics at Iowa State 
College. 


ASSISTANT professor ARTHUR Ramsey has been promoted to 
a professorship of mathematics at Grove City College. 


Miss Orrm1a W. has been appointed professor 
of mathematics and dean of women at the Friends’ University, 
Wichita, Kansas. 


Dr. J. S. Miter, of Emory and Henry College, has been 
appointed professor of mathematics at Hampden-Sidney 
College. 


Mr. J. E. Dorrerer has been appointed professor of 
mathematics and physics at Manchester (Indiana) College. 


AssIsTANT professor C. P. Soustey, of Pennsylvania State 
College, has been promoted to an associate professorship of 
mathematics. 


Mr. V. G. Grove, of Cornell University, has been appointed 
assistant professor of mathematics at the Michigan Agri- 
cultural College. 


At Cornell University, the following appointments to 
instructorships in mathematics have been made: Dr. H. C. M. 
Morse, of Harvard University, Mr. P. A. Fra.eicn, of 
Dartmouth College, and Mr. F. M. Lurxin. 


Dr. W. H. Wutson, of the Massachusetts Institute of Tech- 
nology, has been appointed instructor in mathematics at the 
University of Iowa. 


Tue following instructors in mathematics have been ap- 
pointed at the University of Wisconsin: C. D. Exnrman, 
I. W. Trayter, J. E. Davis, M. INcranam, F. E. Recwart, 
Miss E. M. F. Fe.tces, and Miss B. ALBRIGHT. 


Proressor H. G. ZEUTHEN, of the University of Copen- 
hagen, died January 6, 1920, at the age of eighty years. 
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He spent the summer of 1919 in writing a seventy-page paper 
on the origin of algebra. 


Rev. C. J. Borcmeyer, professor of mathematics and 
astronomy at St. Louis University, died December 6, 1919, 
at the age of fifty-eight years. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


(E.). Architektonik der Kegelschnitte. Autographiert. Strass- 
burg, Selbstverlag, 1916. 


Bavuvet (P. J. H.). Groepentheoretische onderzoekingen. S. Graven- 
hage, Nijhoff, 1918. 8vo. 114 pp. 

Beck (H.). Koordinaten-Geometrie. Berlin, Springer, 1919. 8vo. 432 
pp. Geb. M. 31.00 


BuascHke (W.). Kreis und Kugel. Leipzig, Veit, 1916. 10 + Leapy 


Boret (E.). See Perrovircn (M.). 


Bowtey (A. L.). General course of pure mathematics from indices to 
solid analytical geometry. Oxford, University Press, 
vo. 8. 


Cones. (H.). Sur une classe de séries de Dirichlet. (Diss.) Upsala, 


D’Amty (G. H.). Sur Iques oe ag coefficients de certaines 
séries de Laurent. (Diss) Toole, 


Derksen (H. A.). Inleidning tot de ae) wiskunde, behandelende 
grafische voorstellingen en de beginselen der differentiaal- en integraal- 
rekening. Zutphen, Thieme, 1919. 8vo. 165 pp. 


Distmne (K.). Die Elemente der Differential- und Integralrechnung in 
geometrischer Methode. Mit zahlreichen ge pa aus der tech- 
—_ en Mechanik von E. Preger. 4te Auflage. Leipzig, M. Janecke, 


FRAENKEL (A.). Einleitung in die Mengenlehre. Berlin, Springer, 
8vo. 156 pp. M. 1 


Horwitz (A.). Vorlesungen iiber die Zahlentheorie der 6 in 
Berlin, Springer, 1919. 8vo. 74 pp. M. 8.00 


(C.). Das Endliche und das Unendliche. Miinster i. W., H. 
Schéningh, 1915. Gr. 8vo. 8 + 332 pp. M. 4.80 


(K.). See Kommere (V.). 


Kommerett (V.) und Kommerett (K.). Analytische Geometrie. I. 
3te Auflage. Tibingen, Laupp, 1917. Geh. M. 3.60 
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LinpeMANN (C.). Konjugierte Punkte bei Widerstandsaufgaben der 
Variationsrechnung. "¢Diss.) Breslau, 1917. 


MarTemMaTisK ForENING. Nyere Undersggelser over Integralregningen. 
Holdt 1. Kgbenhavn, Gjellerup, 1917. 


MeEnrtTENs (F.). Ueber die Bildung zyklischer Gleichungen in einem ge- 
gebenen Rationalitiatsbereich. Wren, 1916. M. 2.25 


Papers set in the mathematical tripos. Part 1. 1913-1917. Cambri 
University Press, 1919. Cr.8vo. 4 -+ 82 pp. 


Perrovitce (M.). Les spectres numériques. Préface de M. Emile Borel. 
Paris, Gauthier-Villars, 1919. 8vo. 8 + 110 pp. 


PortzeHt (W.). Zur Methode der orientierten Elemente in mehr- 
dimensionalen Raumen. (Diss.) Kdénigsberg i. Pr., 1917. 

Precer (E.). See Disine (K.). 

Riemann (B.). Ueber die welche der Geometrie zu Grunde 


liegen. Neu herausgege'! von Weyl. Berlin, Springer, 1919. 
8vo. 47 pp. M. 5.60 


Rutcers (J. G.). See Scuuu (F.). 


Scuun (F.) en Rutcers (J. G.). Compendium der hoogere wiskunde. 
Derde deel. Differentiaalrekening. Analytische meetkunde van de 
ruimte. Integraalrekening. Noordhoff, 1919. 


Srievrses (T. J.). complétes, par les soins de la Société 
mathématique d’Amsterdam. Tome II. Groningen, Noordhoff, 
1918. 4 + 603 pp. 

THommeck (B.). Ueber einen mechanischen Apparat zur Bestimmung 
der Nullstellen ganzer rationaler Funktionen mit komplexen Koeffizi- 
enten. (Diss.) Bonn, 1917. 


Wevt (H.). See Rremann (B.). 


Il. ELEMENTARY MATHEMATICS. 


ComsBerousseE (C. DE). Cours de mathématiques. Tome I, 2e partie: 
Algébre élémentaire. 6e édition, entiérement refondue et aumentée, 
par R. de Montessus de Ballore. Paris, Gauthier-Villars, ae 8vo. 
500 pp. Fr. 11.25 


Davison (C.). Plane trigonometry for schools. Cambridge, 
University Press, 1919. Cr.8vo. 8 + 334 6s. 6d. 

Herrrer (L.). Ebene und spharische 3te 
(Sammlung Géschen, Nr. 99.) Berlin, Géschen, 1917. 


LieTtzMaNN (W.). Aufgabensammlung und Leitfaden der 
Ausgabe A, fiir Unterstufe. Leipzig, 


—. Leitfaden der Mathematik. Ausgabe A, fiir Gymnasien. late. 
stufe. Leipzig, Teubner, 1917. M. 2.20 

LérrLer (E.). See Lércuer (0.). 

Lércuer (O.) und Lérrirr (E.). Methodischer Leitfaden der Geometrie 


nebst einer Vorschule der Trigonometrie fiir héhere Lehranstalten. 
3te Auflage. Stuttgart, Grub, 1917. 12 + 205 pp. M. 2.80 
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Moétnix (—.) und Spretmann (—.). der Geometrie fiir 
die ite bis 3te Klasse der Mittelschulen. 29te geiinderte Auflage. 
Wien, Tempsky, 1916. 125 pp. Kr. 1.80 


MoteswortH (G.). Decimal tables. London, Spon, 1919. 16mo. 
7 + 118 pp. 

MonTEeEssvus DE BALLORE (R. DE). See ComBerousse (C. DE). 

Morgan (F. M.). See Youne (J. W.). 

usgabe B, fiir die Oberstufe der Gymnasien. 3te Auflage. ipzig, 

Freytag, 1916. tie 

Patmer (C.1.). Practical mathematics for home study, being the essen- 
tials of arithmetic, geometry, algebra and trigonometry. New York, 
McGraw-Hill, 1919. ove. 53 + 493 pp. 

SPIELMANN (—.). See Motnix (—.). 


Youne (J. W.) and Morean (F. M.). Plane trigonometry and numerical 
computation. New York, Macmillan, 1919. 7 + 122 pp. $1.25 


Ill. APPLIED MATHEMATICS. 


APPELL (P.). Traité de m rego rationnelle. Tome I: Statique. 
mique du point. 4e édition, entiérement refondue. Paris, 
Gauthier-Villars, 1919. 8vo. 8 + 620 pp. Fr. 54.00 
Batu (E.). Géodésie topométrique. 3e fascicule: Détermination du 
point de relévement. Paris, Gautier Villers 1919. 8vo. 
pp. 
(O.). Die Ortskurven der hsel. technik, nach 
einheitlicher Methode bearbeitet. Ziirich, "1917. M. 9.00 
CoNNAISSANCE des temps ou des ttm célestes 4 l'usage des astro- 


nomes et des navigateurs, pour l’an 1921, publiée par le Bureau des 
Longitudes. Paris, Gauthier-Villars, 1919. “. 30 + 752 aco 


CrowTuHER (J. A.). A manual of physics. London, Henry Frowde, 4 


Demozay (L.). Relations remarquables entre les éléments du systéme 
solaire. Paris, Gauthier-Villars, 1919. S8vo. 142 pp. Fr. 12.00 


Eccerr (0.). See Jonpan (W.). 


EpHféMERIDES nautiques pour l’an 1920, publiées par le Bureau des Longi- 
tudes. Extrait de la Connaissance des temps, 4 l’usage des marins. 
Paris, Gauthier-Villars, 1919. S8vo. 138 pp. Fr, 4.50 


(H.). See Maxower (W.). 


GeIsstER (R.). Der Schraubenpropeller. Eine Darstellung seiner Ent- 
wicklung nach dem Inhalt der deutschen, amerikanischen und eng- 
lischen Patentliteratur. Berlin, Springer, 1918. M. 12.00 


Haas (A. E.). Die Grundgleichi der Mechanik, dargestellt auf 
Grund der geschichtlichen Entwicklung. Leipzig, Veit, 1914. Gr. 8vo. 
6 + 216 pp. 

JacoBsTHAL (W.). Mondphasen, Osterrechnung und ewiger 
Berlin, Springer, 1917. 2.00 
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JoRpaAN (W.). Handbuch der Vermessungskunde. Fortgesetzt von C. 
Reinhertz. 3ter Band: Landesvermessung und a der 
Erdmessung. 6te erweiterte Auflage. Bearbeitet von a. 
Stuttgart, Metzler, 1916. 


—. Hilfstafeln fiir Tachymetrie. 6te Auflage. Stuttgart reg 
1917. Geb. 9.00 
(W.). Lehrbuch der darstellenden Geometrie. Teil: Das 
rechtwinklige Zweitafelsystem. Berlin, Springer, 1919. a on 

pp. 


Maxower (W.) et Geicer (H.). Mesures pra en radioactivité. 
Traduit de V’anglais par E. Philippi. 1919. 
8vo. 8 + 182 pp. Fr. 12.00 

Gleichférmigkeit in der Welt. Miinchen, Beck, 

—. Bemerkungen zu Buch “ Die 
keit in der Welt.” Miinchen, Beck, 191 M. 1.00 

(E.). See Maxkower (W.). 


Pineau (J. G.). Théorie générale de l’électromagnétisme. Introduction 
& l’étude technique des machines électriques et de télégraphie par 
ondes. Paris, Dunod et Pinat, 1919. ag 12 + 72 pp. Fr. 5.25 


Pianck (M.). Thermodynamik. 5te Auflage. Leipzig, Veit, 


Poiaxk (M.W.). Bezwaren tegen de opvattingen der relativisten. Deven- 
ter, Kluwer, 1918. 


(T.). Einfihrung in die Mechanik mit einfachen 


der Flugtechnik. Berlin, Springer, 1917. 
ReEINHERTz (C.). See Jonpan (W.). 


Roveter (L.). La matérialisation de l’énergie. Essai sur la théorie de 
la relativité et la théorie des quanta. Paris, Gauthier-Villars, 1919. 
18mo. 12 + 148 pp. Fr. 5.25 


Scuerrers (G.). Lehrbuch der darstellenden Geometrie. Iter Teil. 
Berlin, Springer, 1919. 8vo. 423 pp. Geb. M. 30.60 

A.). Vraagstukken vector-analysis. Delft, Waltman, 1918. 
vO. pp. 


Scuwarzscuitp (K.). Ueber das System der Fixsterne. 2te Auflage. 
(Naturwissenschaftliche Vortrage und Schriften, Heft 1.) Leipzig, 
Teubner, 1916. 43 pp. M. 1.20 


Sprecremn (J.). Lehrbuch der Vektorrechnung nach den ee 
in der technischen Mechanik und Elektrizitatslehre. 
Wittwer, 1916. 14 + 386 pp. 16.00 


J. vAN). Het relativiteitsbeginsel. Wageningen, 


cae ¥ Tableaux des moments d’inertie et des poids des poutres 
a calculés par le Bureau des constructions métalliques de 
ie des chemins de fer de l'Est. 3e édition. Paris, Gau- 

thiee , 1918. 8vo. 8 +88 pp. 


